Introduction
In recent years, considerable interest has been shown in finite element methods to compute the vibration modes of a fluid based on the displacement formulation. One of these methods consists of using the lowest-order triangular Raviart-Thomas elements for fluid variables. It can be proved that this method does not present spurious or circulations modes for nonzero frequencies which are typical of displacement formulation. Also, it exhibits an optimal order of convergence. This methodology was introduced in [3] for fluid-structure interaction problems and good approximations were obtained for compressible and incompressible fluids [6, 4] , From the computational point of view, many questions are still open. The necessity of using adequately refined meshes in order to take care of the singularities of the eigenmodes is among the most relevant ones. In this context, a posteriori error estimators play a fundamental role since they are used to know where a given mesh needs to be refined.
There are not many references about a posteriori error estimators for eigenvalue problems. For classical finite element approximations one could cite a paper by Babuska and Rheinboldt [2] , which includes as an example a simple one-dimensional eigenvalue problem, and a paper by Verfurth [14] , who introduced a general framework to derive error estimators for nonlinear problems and applied it, in particular, to linear eigenvalue problems.
Very recently, an a posteriori error estimator for a mixed finite element approximation of the eigenvalues and the eigenvectors of a second-order elliptic problem was introduced in [9] .
In this paper we adapt the techniques presented in [9] to derive an error estimator for the RaviartThomas approximations of the acoustic vibration problem. We prove that this error estimator is equivalent to the error up to higher-order terms with constants independent of the eigenvalues and of the mesh size. Finally, we present some numerical experiments which show the good behavior of the estimators when they are used as local error indicators for adaptive refinement.
The model problem and its discretization
We consider the problem of determining the vibration modes of an ideal inviscid barotropic fluid contained into a rigid cavity.
Let be the domain occupied by the fluid. We assume i2 is a simply connected polygon. The eigenmodes u 0 and the eigenfrequencies /.VO are the solution of the following spectral problem:
where u is the displacement vector in the fluid, p is the mass density, c is the acoustic speed in the fluid and n is the outward unit normal vector. Introducing,
we obtain a mixed formulation of problem (2.1)
The weak formulation of problem (2. 3) is then: find 2 VO, u G 7/0(div,i2) and p G L2(i2), with p 0, such that
(2.4)
In order to ensure well-posedness, we consider the following modified eigenvalue problem: find 2^0, mg 77o(div,i2) and p G 7L2(£2), with p 0, such that
Clearly, problem (2.5) has the same eigenvalues and eigenfunctions as problem (2.4) and is a well-posed mixed problem in the sense that the bilinear forms involved satisfy the classical Brezzi's conditions (see [7] [12] , Then, the mixed finite element approximation of problem (2.5) is: find uh G Vh and ph G Qh, with ph 0, such that
pc2 Ja The techniques in [5, 13] can be adapted to problem (2.6 ) in order to prove that its eigenfrequencies converge to those of problem (2.5) and that nonzero frequency spurious modes do not arise in this discretization. More precisely, assume for simplicity that 2 is a simple eigenvalue and take IIrIIo.q = HaIIo.q = 1, then the following a priori estimates holds: (2.9) In [9] , an error estimator of the residual type was introduced for the approximation of the eigen vectors of a second-order elliptic problem obtained by the mixed finite element method of RaviartThomas of the lowest order. Also in [9] , it was proved that this estimator is equivalent to the norm of the error up to higher-order terms with constants that depend on the corresponding eigenvalue.
Following the techniques developed there, we obtain another error estimator. This new estimator contains the same terms than the one presented in [9] , (putting c = 1 in (2.9)), but they are in a different weighted combination. As we will show in the section below, these weights are very important because they determine the behavior of the estimator when it is used as an error indicator for adaptive mesh refinement.
Moreover, our estimator is equivalent to the norm of the error up to higher-order terms with constants independent of the eigenvalues.
In the next section we adapt the ideas in [9] to our problem.
A posteriori error estimator
It can be proved that problem (2.6) is equivalent to a nonconforming approximation of the standard formulation of problem (2.9) (see [1, 11] ). Let us denote by
in the sense that they have the same eigenvalues and the eigenvectors are related by
For the eigenvectors of (3.10) the following a priori error estimate holds:
\\p-4>h\\o,a = 0(h2af (3.13) where 4>h = 
Te_XhlcdTJ1
Now, using ( 
used that div(w -uh) = (-l/p^fp -ph).
To conclude the theorem, it is enough to prove that
The proof will not be given here because it is essentially identical to that in [9] . Finally, (3.25) follows from (3.31) and (3.32 
Numerical results
In this section we present the results of some numerical computation. We consider the problem of a rigid L-shaped cavity with air inside.
The geometrical data can be seen in Fig. 1 In Table 1 we present the computed lowest eigenfrequencies for several embedded meshes. We denote by N the number of the unknowns. Because no analytical expression for the eigenvalues is known, we have extrapolated the computed ones to obtain what will be denoted by Aexact-We also used this extrapolation techniques to get an estimation of the order of convergence in powers of h = O(1/^7V).
Since Q has reentrant corners, eigenfunctions with singularities are expected. In these cases, the order of convergence is less than 2 which is the order predicted by the theory for regular eigen functions. Fig. 2 presents some computed eigenmodes. It shows the displacement in the fluid corresponding to the eigenvalues F\,F2,F5 and F6. Observe the singular behavior of the displacement near the corner in modes Ft and F6.
Mode F2 represents a particular case: although its corresponding displacement field is regular, it converges much slower than regular eigenmodes.
We present below the results obtained with meshes generated by the following adaptive method. The process starts with a uniform triangulation £F0. By using //r as an error indicator at the element T, ^7+i is obtained from fif refining all T E with maxre^ //r.
In our experiments we have taken y = 0.5 and we have started the process from a very coarse mesh. Tables 2-4 show the results obtained in six steps of the refinement procedure for eigenmodes FBF6 and F8, respectively. Now, the order of convergence is computed in powers of 1/7V and it is almost exactly 1 for all these eigenfrequencies. In another words, the optimal order of convergence with respect to the number of nodes was obtained for these singular eigenmodes. It is interesting to observe the significant reduction of the necessary computational effort to obtain a solution with a prescribed accuracy.
Numerical experiments for the regular eigenmodes were also performed. In Tables 5-7 we present the results of these experiments for eigenmodes F2,F5 and F7, respectively.
A not monotone convergence can be observed for mode F2. This could be a consequence of the particular behavior of this eigenmode already indicated. However, after five steps of the refinement procedure, the error in A was reduced by 10, approximately. With the exception of mode F2, the obtained results show that the adaptive mesh-refinement procedure does not deteriorate the order of convergence of the regular modes, i.e. these eigenmodes converge with optimal order.
All these results allow us to conclude that our error estimator efficiently detects the regions where the mesh must be refined. Fig. 3 shows, for eigenmode 7q, the initial triangulation together with three refined triangulations. We also computed the eigenmodes of the same problem and using the same adaptive mesh-refinement procedure as above but assuminĝ INIarim £ \\JtWh\l\ (4.33)
ICdT as the error indicator at the element T. The a posteriori local error estimator (4.33) was introduced in [9] .
In Tables 8-10 we show some vibration frequencies computed in this way. Since the weights of the terms in our estimator are the only differences between this one and rjT, we can conclude that these weights are very important in order to obtain good local indicators of the error and so, a good performance of an adaptive mesh-refinement process.
